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Let ! = 2 $ %&'()*

+ ,-* . − ,012 . > 4 ≤ !
+ ,-* . − ,012 . ≤ 4 ≥ 1 − !
+ ,-* . − ,012 . ≤ 4 ∩ ,012 . − ,-* . ≤ 4 ≥ 1 − !
+ ,012 . − ,-* . ≤ 4 ≥ + ,-* . − ,012 . ≤ 4 ∩ ,012 . − ,-* . ≤ 4 ≥
1 − !

With probability at least 1 − !, ,012 . − ,-* . ≤ 4
With probability at least 1 − !, ,012 . ≤ ,-* . + 4
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Let ! = 4$ℋ 2' ()
*+,
-

. /01 2 − /456 2 > 8 ≤ !

. /456 2 − /01 2 > 8 ≤ !

. /456 2 − /01 2 ≤ 8 ≥ 1 − !

. /456 2 − /01 2 ≤ 8 ∩ /456 2 − /01 2 ≥ −8 ≥ 1 − !

. /456 2 − /01 2 ≤ 8 ≥ . /01 2 − /456 2 ≤ 8 ∩ /456 2 − /01 2 ≤ 8 ≥
1 − !

With probability at least 1 − !, /456 2 − /01 2 ≤ 8
With probability at least 1 − !, /456 2 ≤ /01 2 + 8
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In words, what this means is that given a sufficient number of training examples, the 
learned hypothesis ! will generalize well. 
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We know that ℋ cannot shatter any " points because " is a breakpoint for ℋ. 
Therefore, for any # points, the set of dichotomies induced by ℋ cannot shatter any
subset of " points (otherwise, " wouldn’t be a breakpoint). $ #, " is the size of the 
largest set of such dichotomies so it follows that either &ℋ # = $ #, " or 
&ℋ # < $ #, "
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Adding any 6th dichotomy to these five will result in some set of two points being 
shattered
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There are many sets of five dichotomies on four points that don’t shatter two points

10



11



12



!" is the set of dichotomies where the prefixes on the first # − 1 points are unique,
!&'is the set of dichotomies where the prefixes on the first # − 1 points are not
unique and the prediction on the last point is +1 and !&(is the set of dichotomies 
where the prefixes on the first # − 1 points are not unique and the prediction on the 
last point is -1. 
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First observe that in the union of !" and !#$, the prefixes on the first % − 1 points are 
all unique because of how we defined !". Furthermore, of the first % − 1 points,
there is no subset of ( points that is shattered by the prefixes of the union of !" and 
!#$ because ) %, ( is defined on sets of dichotomies over % points where no subset 
of ( points is shattered.
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Next consider the set of dichotomies !"#: of the first $ − 1 points, if some subset of 
size ' − 1 of them is shattered by the prefixes of !"#, then adding in the dichotomies
of !"( will result in ' points being shattered (just take whichever dichotomies in !"#
shattered the ' − 1 and add one of the corresponding dichotomies in !"()
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Proof by induction requires two things: a base case and an inductive step
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