CSE 417T: Introduction to
Machine Learning

Lecture 5: VC-Dimension

Henry Chai
09/11/28




: P{lEin(g) - Eout(.g)l > 6} < z(m)e—ZEZn where

Recall: m = |H]
Hoeffding’ : ion: = X1y o) X
oeffd . gs Growth function: ms.(n) (E,.g%exl}[(xl' L X)|
Inequality _ _
* Can we simply replace m in Hoeffding’s inequality with
the growth function?

Let § = 2(m)e~2¢""

P{lEin(g) - Eout(.g)l > 6} <é

P{lEin(g) - Eout(.g)l < 6} =>1-96

P{Ein(g) - Eout(.g) <enNn Eout(g) - Ein(g) < 6} =1-6

P{Eoél\l,t(g) - Ein(.g) < E} = P{Ein(g) - Eout(g) <€en Eout(g) - Ein(g) < E} =
1—

With probability atleast 1 — 6, E,,,;(g) — E;,,(g) < €
With probability at least 1 — &, F,,,.(g9) < E;,,(g) + ¢

e= Jmloe ()




1
P{lEin(g) — Eoue(9)| > €} < 4mye(2n)e g™

Vapornik- ¢
Chervonenkis
(VC)'BOUI"Id Eput(9) < Ein(9) +J%IOg (4mgg(2n))

with probability at least 1 — §

e2n

Let § = 4my(2n)e 8

P{lEin(g) - Eout(.g)l > 6} <é

P{lEout(g) - Ein(.g)l > 6} <é

P{lEout(g) - Ein(.g)l < 6} =1-6

P{Eout(g) - Ein(.g) <enNn Eout(g) - Ein(g) = _E} =1-6

P{Eoél\l,t(g) - Ein(.g) < E} = P{Ein(g) - Eout(g) <€en Eout(g) - Ein(g) < E} =
1—

With probability atleast 1 — 6, £, (g) — E;,(g) < ¢
With probability atleast 1 — 6, £, (g) < E;,,(g) + €

e= Jzlos(5)



* Claim: if 3 k s.t. k is a breakpoint for H, then ms;(n) is
bounded by a polynomial inn

* If myr(n) is bounded by a polynomial in n, then

\/%log(m”T(zn)) - 0asn - o

In words, what this means is that given a sufficient number of training examples, the
learned hypothesis g will generalize well.



* Let B(n, k) = the maximum number of dichotomies on
n points s.t. no subset of k points is shattered

BOUﬂding * If k is a breakpoint for 7, then ms;(n) < B(n, k)

my(n)

*If B(n, k) is bounded by a polynomial in n and ms;(n) is
bounded by B(n, k), then m3(n) is bounded by a
polynomial inn

We know that 7/ cannot shatter any /& points because k is a breakpoint for 7.
Therefore, for any 1 points, the set of dichotomies induced by 7 cannot shatter any
subset of  points (otherwise, & wouldn’t be a breakpoint). B (7, k) is the size of the
largest set of such dichotomies so it follows that either 111, (1) = B(n, k) or
mqy(n) < B(n, k)



- What is B(4, 2)?

+1 +1 +1 -1
+1 +1 -1 +1
+1 =1 +1 +1
-1 +1 +1 +1




- What is B(4, 2)?

+1 +1 +1 -1
aaal o aal -1 +1
bl <zl +1 +1
=1 +1 +1 +1
~al <l +1  +1




- What is B(4, 2)?

+1  +1 +1 -1
+1  +1 = +1
+1 <zl +1 +1
-1 +1 +1  +1
+1 <l <l -1




“B(4,2) =5

+1 +1 +1 -1

+1 +1 -1 +1

+1 =1 +1 +1

Adding any 6™ dichotomy to these five will result in some set of two points being
shattered



“B(4,2) =5

+1 +1 -1 +1

+1 =1 -1 +1

-1 +1 +1 +1

10

There are many sets of five dichotomies on four points that don’t shatter two points
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“B(3,2) = 4

+1 +1 -1
+1 -1 +1
-1 +1 +1

11

11



-B(4,3) = 11

-1 +1 -1 +1
+1 -1 -1 -1
+1  +1 +1 +1
-1 +1 +1 +1
+1 -1 +1 +1
+1 +1 -1 +1
+1  +1 +1 =1
-1 +1 +1 -1
+1 -1 +1 -1
+1  +1 -1 -1

12
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“B(4,3) =a+2p

+1 -1 -1 -1

+1 +1 vl el

B(n, k): ;
n’ 1 q-al +1 +1 >—S;'|SZ+I=[;
Example SN
+1 +1 -1 |+ | -
+1 +1 41| -1 | -
=1 qal Al =
+1 -1 o+ | -2 ~Sa. ISzl =8
+1 +1 -1 =1 J

5, is the set of dichotomies where the prefixes on the first n — 1 points are unique,
S is the set of dichotomies where the prefixes on the first 7 — 1 points are not
unique and the prediction on the last point is +1 and S is the set of dichotomies
where the prefixes on the first 7 — 1 points are not unique and the prediction on the
last point is -1.



“B(4,3) =a+2p

‘a+p <B(3,3)

‘B <B(3,2)

*B(4,3) <B(3,3)
+ B(3,2)

+1 -1 -1 -1
aral o aal ol ekl
= R
-l =TT |
aial gl =TI
+1 1 +1 | -1
chb ol o
-l b aml || sl
aial gl =al, =z,

—S5Is71=8
S, I871=8
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B(n, k):

Recursion

*B(n,k) <B(n—1,k)+ B(n—1,k—1)

*B(n, k) =a+2p

-1 +1 -1 +1
+1 -1 -1 -1
+1 +1 +1 +1
s +1 +1 +1
+1 ci A el
+1 +1 +1 =ik
s e +1 =ik
+1 -1 +1 =il
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*B(n,k) <Bn—1,k)+ B(n—1,k—1)

° B(Tl, k) = + ZB 1 -1 .. +1 —
_:1 «- 1 1 SIS = a
B(n, k). a+f < B(n—1,k) T R T :1

Recursion S - st1si1=p

+1 ci . +1 -

16

First observe that in the union of 5; and S, the prefixes on the first » — 1 points are
all unique because of how we defined 5, . Furthermore, of the first 7 — 1 points,
there is no subset of & points that is shattered by the prefixes of the union of 5, and
S because is defined on sets of dichotomies over n points where no subset
of k& points is shattered.
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*B(n, k) =a+2p

*B(n,k) <Bn—1,k)+ B(n—1,k—1)

B(n,k): ca+pf <B(n-1k)

Recursion

“B<B(n-1,k-1)

L T G,

il dEl o

EEE

+1 -1 o

+1

SIS 1=8
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Next consider the set of dichotomies S, : of the first 7 — 1 points, if some subset of
size it — 1 of them is shattered by the prefixes of 5, then adding in the dichotomies
of 5 will result in & points being shattered (just take whichever dichotomies in 5
shattered the & — 1 and add one of the corresponding dichotomies in 5.°)
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k-1
* Claim:B(n, k) < ; (r:)

Bounding

B(n, k)

* Intuition: if recursion, then induction
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Proof by induction requires two things: a base case and an inductive step
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Bounding

B(n k)

‘Vk>2, B(1,k)=252(})

k-1

- Claim: B(n, k) < Z ™)

i=0

* Induction (base cases):

k-1

‘vn>1, B(n,1)=152(1;)=(8)=1

=0

k-1

=0

(0)+(3)=2
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Bounding

B(n k)

k-1

* Claim: B(n, k) < Z (rll)

i=0

* Induction (inductive step):

k'—1

* Suppose B(n', k") < z (7:) vn' <nk' <k

=0

k-1

* Prove B(n, k) < Z (7:)

i=0
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Bounding

B(n, k)

k-1

* Prove B(n, k) < Z (T:)

i=0

*B(n,k) <B(n—1,k)+ B(n—1,k—1)

SYCHIAGD
=13 (T 200
=1+:((":1)+(?:11))=“Z(

I"4$YRSYD0)" Vo (*+($H#, Yo-.+/10%./%

HIO-+¥YH,'%6"52.) " $#$6

* 1'$%#/).%23456%!"/%& ' %42235%) "%
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Bounding

B(n k)

k-1

* Prove B(n, k) < Z (111)

i=0

*B(n,k) <B(n—1,k)+ B(n—1,k—1)

k-1 k-2

<>

i=0




