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* PUER(9) — Egue (g)| > €} < Z(m)e—ZEzn where

Recall: m = ]
Hoeffding’s * Growth function: m¢(n) =  max xl}[(x_{' s X)) |

_ X1,euXn
Inequalit
9 Y - Can we simply replace m in Hoeffding's inequality with

the growth function?




P{UEn(9g) — Eout(g)| > €} < 4m}[(2n)e_%€2n
Vapornik- 0
Chervonenkis

(VC)-Bound out(9) < Ein(9) + [Slog (1)

)

with probability at least 1 — &




* Claim: if 3 k s.t. k is a breakpoint for ', then mq(n) is
bounded by a polynomial inn

Recall

* If m4r(n) is bounded by a polynomial in n, then

\/%log (4m}g(2n)) - 0asn - o




Bounding

mge(n)

* Let B(n, k) = the maximum number of dichotomies on

n points s.t. no subset of k points is shattered

* If k is a breakpoint for ', then m4(n) < B(n, k)

* If B(n, k) is bounded by a polynomial in n and mq,(n) is

bounded by B(n, k), then m4(n) is bounded by a
polynomial inn



B(n, k):

Example

* Whatis B(4,2)?

+1 +1 +1 -1
+1 +1 -1 +1
+1 -1 +1 +1
-1 +1 +1 +1




B(n, k):

Example

* Whatis B(4,2)?

+1 +1 +1 -1
+1 +1 -1 +1
+1 -1 +1 +1
-1 +1 +1 +1
-1 -1 +1 +1




B(n, k):

Example

* Whatis B(4,2)?

+1  +1 +1 -1
+1 | +1 -1 +1
+1 -1 +1 +1
-1 +1 +1 +1
+1 -1 -1 -1




B(n, k):

Example

*B(4,2) =5

+1 +1 +1 -1
+1 +1 -1 +1
+1 -1 +1 +1
-1 +1 +1 +1




B(n, k):

Example

*B(4,2) =5

X{ X; X3 X4

+1 +1 +1 +1
+1 -1 -1 -1
+1 +1 -1 +1
+1 -1 -1 +1
-1 +1 +1 +1
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B(n, k):

Example

*B(3,2) =4

X{ X; X3

+1 +1 +1
+1 +1 -1
+1 -1 +1
-1 +1 +1
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B(n, k):

Example

*B(4,3) = 11

-1 +1 -1 +1
+1 -1 -1 -1
+1 +1 +1 +1
-1 +1 +1 +1
+1 -1 +1 +1
+1 +1 -1 +1
+1 +1 +1 -1
-1 +1 +1 -1
+1 -1 +1 -1
+1 +1 -1 -1
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B(n, k):

Example

*B(4,3) = a + 28

-1 +1 -1 +1
+1 -1 -1 -1
+1 +1 +1 | +1
-1 +1 +1 | +1
+1 -1 +1 | +1
+1 +1 -1 +1
+1 +1 +1 -1
-1 +1 +1 -1
+1 -1 +1 -1
+1 +1 -1 -1

Slrlsllza
— S3,1S71 =8
— 5,187 1=8
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B(n, k):

Example

*B(4,3) = a + 28

a+ B <B(3,3)

*f < B(3,2)

*B(4,3) <B(3,3)

+B(3,2)

-1 -1 +1 | +1
-1 +1 -1 +1
+1 -1 -1 -1
+1 +1 +1 | +1
-1 +1 +1 | +1
+1 -1 +1 | +1
+1 +1 -1 +1
+1 +1 +1 -1
-1 +1 +1 -1
+1 -1 +1 -1
+1 +1 -1 -1

} Slr |Sll = a

—_

— 53,1871 =P

— $3,1821 =B

14



B(n, k):

Recursion

*B(n,k) <Bn—1,k) +

*B(n, k) =a+ 2p

Bn—1,k—1)

-1 +1 -1 +1
+1 -1 -1 -1
+1 +1 +1 +1
-1 +1 +1 +1
+1 -1 +1 +1
+1 +1 +1 -1
-1 +1 +1 -1
+1 -1 +1 -1

} Slr |Sll = a

—_

— 53,1871 =8

— 52,1821 =8
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B(n, k):

Recursion

*B(n,k) <Bn—1,k) +

*B(n, k) =a+ 2p

a+pB<Bn-1k)

-1 +1 -1 +1
+1 -1 -1 -1
+1 +1 +1 +1
-1 +1 +1 +1
+1 -1 +1 +1
+1 +1 +1 -1
-1 +1 +1 -1
+1 -1 +1 -1

} Slr |Sll = a

— 53,1871 =8
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B(n, k):

Recursion

*B(n, k) =a+ 2p

a+pB<Bn-1k)

‘B<B(n-1k—1)

B(n,k) <B(n—1,k)+ B(n—1,k—1)

— 52,1821 =8

— —

X1 Xy e Xp_1

-1 -1 +1 -1
-1 +1 .. -1 +1
+1 -1 -1 -1
+1 +1 ... +1 +1
-1 +1 .. +1 +1
+1 -1 +1 +1
+1 41 ... +1 -1
-1 41 .. +1 -1
+1 -1 +1 -1
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Bounding

B(n, k)

k-1

* Claim: B(n, k) < z (7:)

=0

* Intuition: if recursion, then induction
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Bounding

B(n, k)

- Claim: B(n, k) < z (n

k-1

l
=0

* Induction (base cases):

VYvn=>1, B(n1l)=1<

Vk>2, B(Lk)=2<



Bounding

B(n, k)

k-1

- Claim: B(n, k) < z (Tll)

=0

* Induction (inductive step):

k'—1

* Suppose B(n', k') < z (

=0

k-1

* Prove B(n, k) < z (?)

=0

n
[

/
)Vn’<n,k’<k
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k-1

* Prove B(n, k) < z (Tll)

i=0
-B(n,k) <B(n—1,k) + B(n 1,k—1)
k-1
Bounding Z( )+ z ("~ )
B(Tl, k) % k-1 - k—1
n— 1
k—1 k—1

=1+ 1((";1)+(?Z}))=1+Z(?)

i= =1




Bounding

B(n, k)

k-1

* Prove B(n, k) < z (Tll)

=0

-B(n,k) <B(n—1,k) + B(n 1,k—1)

k-1

Z( _I_Z(n 1

1(<”;1>+<’z:;>)=_

i—



