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Recall:
Hoeffding’s
Inequality

� ! "#$ % − "'() % > + ≤ 2 . /0123$ where       
. = ℋ

� Growth function: .ℋ 6 = max
:;,…,:> ∈@

ℋ AB,… , A$

� Growth function as a candidate to replace . in 
Hoeffding’s inequality?
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Vapornik-
Chervonenkis
(VC)-Bound

! "#$ % − "'() % > + ≤ 4.ℋ 21 23
4
56

7$

Or…

"'() % ≤ "#$ % + 5
$ log

<=ℋ >$
?

with probability at least 1 − A
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Recall

� Claim: if ∃ " s.t. " is a breakpoint for ℋ, then $ℋ % is 
bounded by a polynomial in %

� If $ℋ % is bounded by a polynomial in %, then 
&
' log

+,ℋ -'
. → 0 as % → ∞
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Bounding 
!ℋ #

� Let $ #, & = the maximum number of dichotomies on 
# points s.t. no subset of & points is shattered

� If & is a breakpoint for ℋ, then !ℋ # ≤ $ #, &

� If $ #, & is bounded by a polynomial in # and !ℋ # is 
bounded by $ #, & , then !ℋ # is bounded by a 
polynomial in #
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! ", $ :
Example

� What is ! 4, 2 ?
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� ! 4, 2 = 5
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� ! ", $ ≤ ! " − 1, $ + ! " − 1, $ − 1

� ! ", $ = * + 2,
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Bounding 
! ", $

� Claim:

� Intuition: if recursion, then induction
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! ", $ ≤ &
'()

*+,
"
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Bounding 
! ", $

� Claim: 

� Induction (base cases): 

� ∀ " ≥ 1 , ! ", 1 = 1

� ∀ $ ≥ 2 , ! 1, $ = 2
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≤ +
,-.

/01
"
2 = "

0 = 1

≤ +
,-.

/01
1
2 = 1

0 + 1
1 = 2

! ", $ ≤ +
,-.

/01
"
2



Bounding 
! ", $

� Claim: 

� Induction (inductive step): 

� Suppose 

� Prove 
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! ", $ ≤ &
'()

*+,
"
-

! "′, $′ ≤ &
'()

*/+,
"0
- ∀ "0 < ", $0 < $

! ", $ ≤ &
'()

*+,
"
-



Bounding 
! ", $

� Prove 

� ! ", $ ≤ ! " − 1, $ + ! " − 1, $ − 1
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! ", $ ≤ )
*+,

-./
"
0

≤ )
*+,

-./
" − 1
0 + )

*+,

-.1
" − 1
0

= 1 +)
*+/

-./
" − 1
0 + )

*+/

-./
" − 1
0 − 1

= 1 +)
*+/

-./
" − 1
0 + " − 1

0 − 1 = 1 +)
*+/

-./
"
0
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" − 1
0 + " − 1
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-./
"
0 ∎


